Prime ideals of Bhargava domains  by Yeramian, Julie
Journal of Pure and Applied Algebra 213 (2009) 1013–1025
Contents lists available at ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
Prime ideals of Bhargava domains
Julie Yeramian
Université Paul Cézanne (Aix-Marseille III), Faculté des Sciences et techniques de St Jérome, avenue Escadrille Normandie-Niemen,
13397 Marseille cedex 20, France
a r t i c l e i n f o
Article history:
Received 17 June 2007
Received in revised form 1 October 2008
Available online 16 December 2008
Communicated by A.V. Geramita
MSC:
13F20
a b s t r a c t
Let D be a domain with quotient field K . For any non-zero x ∈ D, we consider the ring
Bx(D) = { f ∈ K [X] | ∀a ∈ D, f (xX + a) ∈ D[X]}. These domains are subrings of the
ring of integer-valued polynomials Int(D). We study here the prime ideals of Bx(D) for D
a Krull domain. Using some localization properties, we focus first to the case of a discrete
valuation domain V , and we determine the prime ideals above m, the maximal ideal of V .
In contrast to Int(V )where all the primes are of the formMa = {f ∈ Int(V ) | f (a) ∈ m̂}, (in
one-to-one correspondencewith the elements a of V̂ them-adic completion of V ) we prove
that there are two classes of prime ideals abovem inBx(V ). We give a complete description
of the primes and themaximal ideals of Bx(V ). By globalization, we obtain the prime ideals
of Bx(D) above a height one prime, for D a Krull domain.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction and preliminaries
Let D be a domain with quotient field K . We denote by Int(D) the ring of integer-valued polynomials over D:
Int(D) = { f ∈ K [X] | ∀a ∈ D, f (a) ∈ D}.
The monograph [4] is a good general reference on the algebraic properties of Int(D). We consider the following class of
subrings of Int(D): for all x ∈ D, x 6= 0, we denote by Bx(D) the domain defined by
Bx(D) = { f ∈ K [X] | ∀a ∈ D, f (xX + a) ∈ D[X]}.
Introduced by M. Bhargava at the 2nd meeting on the integer-valued polynomials which took place at the C.I.R.M.(Centre
International de Rencontres Mathématiques) in June 2000 in Marseille, these domains were the object of the PhD thesis of
the current author [10]. A first part of this study has been published in ‘‘Anneaux de Bhargava’’ [11]. We will recall hereafter
some of these properties.
The domain Bx(D) is clearly a subring of Int(D) containing D[X],
D[X] ⊂ Bx(D) ⊂ Int(D).
Noting that f (xX + a) ∈ D[X] if and only if f ∈ D [ X−ax ], one gets another description of these domains,
Bx(D) =
⋂
a∈D
D
[
X − a
x
]
.
In fact, since D
[ X−a
x
] = D [ X−bx ] when a − b ∈ xD, this intersection can be reduced to the intersection on the set of
representatives of Dmodulo xD.
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For instance, for x = 2 and Z,
B2(Z) = Z
[
X
2
]⋂
Z
[
X − 1
2
]
.
From this description, one can easily check that for any λ ∈ D, Bx(D) ⊆ Bλx(D) and in particular, for u a unit of D,
Bx(D) = Bux(D).
Moreover, Int(D) can be recovered from the Bx(D).
Int(D) =
⋃
x∈D,x6=0
Bx(D).
1.1. Localization properties
As with the ring of integer-valued polynomials, the domains Bx(D) have good behaviour under localization. For S a
multiplicative subset of D, we have only the inclusion S−1Bx(D) ⊆ Bx(S−1D). Under some assumptions, we obtain equality.
Proposition 1.1 ([11, Propositions 2.2, 2.3 & 2.4]). If D is a Noetherian domain and S a multiplicative subset, then S−1Bx(D) =
Bx(S−1D). If D is a Krull domain and p a height one prime of D, then (Bx(D))p = Bx(Dp). Moreover, we have
Bx(D) =
⋂
{p|ht(p)=1}
Bx(Dp).
According to these properties, we can reduce our studies to the local case. Since Dedekind domains or Krull domains are
locally discrete valuation domains, we will study the domains Bx(V ), when V is a discrete valuation domain.
1.2. Regular basis and v-orderings of order α
Consider V a discrete valuation domain of quotient field K and denote by v its valuation, m the maximal ideal and t a
uniformizing parameter (i.e. m = tV ). Let x be a non-zero element of V and α its valuation.
To avoid the case when Int(V ) (and then also Bx(V )) is trivial (i.e. Int(V ) = Bx(V ) = V [X]), we assume that the residue
field of V is finite [4, Proposition I.3.16]. Set q to be the cardinal of V/m. Note that in this context, as Bx(V ) = Bux(V ) for u a
unit, the domain Bx(V ) only depends on α, the valuation of x.
We recall the construction of a regular basis of Bx(V ) [11, Section 4]. A regular basis of a domain B, D[X] ⊂ B ⊂ K [X], is a
sequence of polynomials (fn)n≥1 of B, such that for all n, deg(fn) = n and (fn)n≥1 forms a basis of B as a D-module. There are a
considerable number of examples of constructions of regular bases for rings of integer-valued polynomials (see [6,7,9]). For
Int(V ), such a basis has been built in [3] from the v-orderings defined by M. Bhargava in [2]. Inspired by this construction,
we define the notion of v-ordering of order α:
Definition 1.2. Let V be a discrete valuation domain. A v-ordering of order α is a sequence (un)n≥0 defined inductively by
– u0 is an arbitrary chosen element of V
– Given u0, . . . , un−1, the nth term un is chosen tominimize the expression in a
∑
0≤i≤n−1 inf (α, v(a− ui)) i.e., for all a ∈ V∑
0≤i≤n−1
inf (α, v(un − ui)) ≤
∑
0≤i≤n−1
inf (α, v(a− ui)) .
Given (un)n≥0 a v-ordering of order α, we denote byw(α)q (n) the obtained minimum
w(α)q (n) =
∑
0≤i≤n−1
inf (α, v(un − ui)) .
The sequence (w(α)q (n)) does not depend on the v-ordering of order α chosen. We can compute its values w
(α)
q (n) using
particular examples of v-orderings [11, Proposition 4.8]
w(α)q (n) =
[
n
q
]
+
[
n
q2
]
+ · · · +
[
n
qα
]
and we obtain the following relation
w(α)q (lq
α + r) = lw(α)q (qα)+ w(α)q (r). (1)
After a careful study, another description of the v-orderings of order α of V can be given [11, Proposition 5.8].
Proposition 1.3. A sequence (un)n≥0 is a v-ordering of order α if and only if for all j and for all k ≤ α, the set
{ujqk , ujqk+1, . . . , ujqk+qk−1} is a complete set of representatives of V modulo mk.
From this characterization, it is easy to see that a v-ordering of order α is also a v-ordering of order β , for β ≤ α. Clearly,
the V.W.D.W.O. sequences studied by Amice in [1] (see also [4, Section II.2]) are particular v-orderings of order α (for any α).
J. Yeramian / Journal of Pure and Applied Algebra 213 (2009) 1013–1025 1015
Consider (un)n≥0 a v-ordering of order α. A regular basis of Bx(V ) is given by the following sequence of polynomials [11,
Theorem 4.4],
f0 = 1 and for n ≥ 1, fn =
n−1∏
i=0
(X − ui)
tw
(α)
q (n)
.
Remark 1.4. Let y be an element of V of valuation β with β < α. Consider (un)n≥0 a v-ordering of order α. As (un)n≥0 is also
a v-ordering of order β , we can form a regular basis (gn) of the domain By(V ) from this sequence.
For n ≤ qβ , we can note that w(α)q (n) = w(β)q (n). The polynomials f0, f1, . . . , fqβ are then equal to the first polynomials
of the regular basis (gn) and in particular, belong also to the domain By(V ).
Using relation (1), we obtain the following divisibility relations [11, Lemma 6.1]
– For all k < α, and qk ≤ n < qk+1, fn is divisible by fqk in Bx(V ).
– For n ≥ qα , fn is divisible by fqα .
Writing the polynomial of Bx(V ) in the regular basis (fn)n≥1, we can group the terms divisible by fqk . Any polynomial f of
Bx(V ) can be written in the form:
f = f (u0)+ g0f1 + g1fq + · · · + gα fqα (2)
with gk ∈ Bx(V ) for all k, and
– for k ≤ α − 1, d◦gk < qk+1 − qk
– gα = 0 if d◦f < qα , or d◦gα = d◦f − qα if not.
This result implies in particular that Bx(V ) is a finitely generated V -algebra, generated by the α + 1 terms of the regular
basis f (α)qk , for 0 ≤ k ≤ α [11, Theorem 6.2], that is
Bx(V ) = V [fqk , 0 ≤ k ≤ α] = V [f1, fq, . . . , fqk , . . . , fqα ].
By globalization, we obtain that for D a Krull domain, Bx(D) is a finitely generated D-algebra. As a consequence, if D is an
integrally closed Noetherian domain (i.e. a Noetherian Krull domain), the domains Bx(D) are Noetherian whereas the ring
of integer-valued polynomials is not (unless it is trivial).
The aim of this paper is to study the prime ideals of the domains Bx(D). As we have just seen, this class of rings are
particularly interesting when D is a Krull domain. We will then place ourselves in this context throughout this study.
Consider D a Krull domain. For all prime ideal p of D, we want to determine the prime ideals of Bx(D) above p. First of all,
for p = (0), since the ideals above (0) lift in K [X], we can easily describe them.
Proposition 1.5. Let D be a domain with quotient field K and x, a non-zero element of D. The non-zero primes of Bx(D) above
(0) are the ideals gK [X] ∩ Bx(D) where g is an irreducible polynomial of K [X].
Let p be a non-zero prime ideal of D and S a set of representatives of V modulo m. We recall that Bx(D) =⋂a∈S D [ X−ax ].
For any a ∈ D, if P is a prime ideal of D [ X−ax ] above p, P contains the ideal p [ X−ax ]. The intersection P ∩ Bx(D) is then a
prime ideal of Bx(D) above p containing p
[ X−a
x
] ∩ Bx(D).
We can then ask if they are the only primes ofBx(D). That is, if each prime ideal ofBx(D) can be lifted in a domainD
[ X−a
x
]
,
for some a ∈ S.
Considering the localization properties, we first study this question in the case of a discrete valuation domain V with
finite residue field (to avoid the trivial case, Bx(V ) = V [X]). We will prove (Remark 2.19) that the prime ideals abovem, the
maximal ideal of V , are the (all distinct) traces of the primes above m of the domains V
[ X−a
x
]
, for all a ∈ S.
It is well known that the prime ideals of Int(V ) abovem are in one-to-one correspondencewith the points of V̂ , them-adic
completion of V [5]. In other words, to any a ∈ V̂ corresponds the ideal
Ma = { f ∈ Int(V ) | f (a) ∈ m̂}.
These ideals, all maximal, are not finitely generated. The spectrum of Bx(V ) clearly contains the trace of the idealsMa, that
is
M(α)a = { f ∈ Bx(V ) | f (a) ∈ m}.
These ideals are all maximal, and since Bx(V ) is Noetherian, they are finitely generated. Contrarily to the prime ideals of
Int(V ), there are other prime ideals above m, for instance the ideals
m(α)a [X] = { f ∈ Bx(V ) | f (xX + a) ∈ m[X]}.
We prove that the ideals m(α)a [X] are minimal among the primes containing m. It allows us to give a complete description
of the prime ideals above m. In Section 3, we determine the maximal ideals of Bx(V ) and in particular, under which
conditions a prime above (0) can be maximal. We conclude this study in Section 4, by giving more general results obtained
by globalization.
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2. Prime ideals of Bx(V )
Let V be a discrete valuation domain with finite residue field. Denote by v, the corresponding valuation on the quotient
field K , m the maximal ideal of V and t a uniformizing parameter. Let q be the cardinal of the residue field V/m.
Let x be a non-zero element of V , and α its valuation. Since Bx(V ) is an overring of V [X], its Krull dimension is at most
2 (cf. [8, Section 30]). Moreover, it clearly contains the chain of length 2, (0) ⊂ (X) ⊂ (m, X). Thus, the domain Bx(V ) is of
Krull dimension 2.
The prime ideals of Bx(V ) are above (0) or the maximal idealm. As we have seen in Proposition 1.5, the primes above (0)
are the ideals gK [X] ∩ Bx(V ), for any polynomial g , irreducible in K [X].
Let us determinenow theprime ideals abovem. The idealsMa of Int(D) are not finitely generated and satisfy Int(V )/Ma '
V/m.
2.1. First class of primes: Study of the idealsM(α)a
For a ∈ V , one can considerM(α)a , the trace of the idealMa on Bx(V ), which is more precisely
M(α)a =Ma ∩ Bx(V ) = { f ∈ Bx(V ) | f (a) ∈ m}.
Clearly, we obtain the following result.
Lemma 2.1. For all a ∈ V ,M(α)a is a maximal ideal of Bx(V ) above m, and Bx(V )/M(α)a ' V/m.
As Bx(V ) is Noetherian, these ideals are finitely generated. We determine a set of generators ofM
(α)
a from a particular
regular basis of Bx(V ).
Proposition 2.2. Let a ∈ V . Let (un)n≥0 be a v-ordering of order α with u0 = a and (fn)n≥1 the corresponding regular basis.
Then,
M(α)a = (t, f1, fq, . . . , fqk , . . . , fqα ).
Proof. Clearly, the idealM(α)a contains m. As u0 = a, the polynomials fqk vanish at a, and therefore, fqk ∈M(α)a .
Conversely, according to formula (2), any polynomial f ∈ Bx(V ) can be written as the sum f = f (a)+ g0f1+ g1fq+· · ·+
gα fqα with gk ∈ Bx(V ). If f ∈M(α)a , then f (a) ∈ m and thus f is in the ideal generated by t, f1, fq, . . . , fqα . 
Remark 2.3. In Int(V ), the idealsMa for all a ∈ V , are all distinct. Using the continuity of integer-valued polynomials with
respect to the m-adic topology, one can deduce that they are not finitely generated (cf. [4, V.2.4]).
On the contrary, in Bx(V ), the traces of these ideals are finitely generated. By the same argument, we then see that for a
and b close enough to each other, the idealsMa ∩ Bx(V ) andMb ∩ Bx(V ) are equal. The traces of the idealsMa are not all
distinct in Bx(V ) and it is enough to consider a ∈ V to get all the idealsM{α}a .
Hence, we want to find out when we have the equalityM(α)a =M(α)b . To do this, we first establish the following lemma,
based on some properties of the v-ordering of order α:
Lemma 2.4. Let a ∈ V , and {u0, u1, . . . , uqk−1} be a set of representatives of V modulomk. If i is the index, 0 ≤ i ≤ qk− 1 such
that v(ui − a) ≥ k then,
qk−1∏
j=0,j6=i
(uj − a)
twq(qk)−k
= (−1)wq(qk) modulo m.
As a consequence,
∑qk−1
j=0,j6=i v(uj − a) = wq(qk)− k.
Proof. We prove the lemma by induction on k. For k = 1, the set {uj − a, 0 ≤ j ≤ q− 1} is a set of representatives of V/m.
Since the product of the non-zero elements of a field with q elements is equal to−1, we get that∏0≤j≤q−1,j6=i(uj− a) = −1
modulo m.
Assume now that the result is true for k − 1. The set {u0 − a, . . . , uqk−1 − a} is a set of representatives of V/mk, and
thus in particular, the union of q sets of representatives of V modulo mk−1, each one containing an element in the class of a
modulo mk−1.
Applying the inductive assumption to each one of these subsets, we obtain that
qk−1∏
j=0,j6=i
(uj − a)
tq(wq(qk−1)−(k−1))
= (−1)qwq(qk−1)
∏
j∈I,j6=i
(uj − a) mod m
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where I = {0 ≤ j ≤ qk − 1 | v(uj − a) ≥ k − 1}. We next use the relation wq(qk) = qwq(qk−1) + 1, to write that
wq(qk)− k = q(wq(qk−1)− (k− 1))+ (q− 1)(k− 1). Then,
qk−1∏
j=0,j6=i
(uj − a)
twq(qk)−k
= (−1)qwq(qk−1)
∏
j∈I j6=i
(uj − a)
tk−1
mod m.
For all j ∈ I , j 6= i, the (uj − a) are elements of mk−1, belonging to distinct non-zero classes modulo mk. Thus, the set
{ uj−a
tk−1 , j ∈ I} represents the non-zero classes of V modulom. The product of these elements is therefore equal to−1 modulo
m and the proof is complete. 
Lemma 2.5. Let a ∈ V , (un)n≥0 be a v-ordering of order α with first term u0 = a and (fn)n≥1 the corresponding regular basis.
For any b ∈ V and any integer l ≤ α, the following assertions are equivalent:
(i) v(b− a) ≥ l+ 1
(ii) fqk(b) ∈ m, for all k ≤ l.
Proof. For k ≤ l, fqk(b) =
(b−u0)···(b−uqk−1)
twq(q
k)
and thus
v(fqk(b)) =
qk−1∑
i=0
v(b− ui)− wq(qk).
As we have seen in Proposition 1.3, the v-orderings of order α satisfy the assumption of Lemma 2.4. Thus it follows that if
v(b− a) = v(b− u0) ≥ l+ 1, then v(fqk(b)) = v(b− a)− k > 0 for all k ≤ l. Therefore, fqk(b) ∈ m, for all k ≤ l.
Conversely, if v(b− a) = h ≤ l then we have v(fqh(b)) = v(b− a)− h = 0 (i.e., fqh(b) 6∈ m). 
Proposition 2.6. Let a, b be two elements of V , and (un)n≥0, (vn)n≥0 be two v-orderings of order α respectively with first term
u0 = a and v0 = b. Let (fn)n≥1, (hn)n≥1 be the regular basis corresponding respectively to the sequences (un)n≥0 and (vn)n≥0.
For all integers l ≤ α, the following assertions are equivalent :
(i) v(b− a) ≥ l+ 1.
(ii) (t, f1, fq, . . . , fql) = (t, h1, hq, . . . , hql).
Proof. According to formula (2), for all k ≤ l, we can write
fqk = fqk(b)+ g0h1 + g1hq + · · · + gkhqk
with gj ∈ Bx(V ) for all j ≤ k. Therefore, if fqk(b) ∈ m, then fqk ∈ (t, h1, hq, . . . , hql), and conversely, if fqk ∈ (t, h1, hq, . . . , hql),
we have fqk(b) ∈ m, since hqi(b) = 0 for all i ≤ l. From Lemma 2.5, the inclusion
(t, f1, fq, . . . , fql) ⊆ (t, h1, hq, . . . , hql)
is equivalent to b − a ∈ ml+1. Interchanging the two basis, we obtain the inverse inclusion under the same condition, and
the proof is complete. 
Combining the previous proposition with Proposition 2.2, we obtain
Corollary 2.7. Let a, b two elements of V . Then,M(α)a =M(α)b if and only if v(b− a) ≥ α + 1.
Remarks 2.8. (1) It follows from Proposition 2.6 that the ideal (t, f1, fq, . . . , fql) generated by the polynomials fqi obtained
from a v-ordering of order α does not depend on this sequence but only on the first term u0 and more precisely, on its class
modulo ml+1.
(2) Since Btk−1(V ) ⊂ Btk(V ) ⊂ Int(V ), we have
(X − a)V [X] + m =M(0)a ⊂M(1)a ⊂ · · ·M(k−1)a ⊂M(k)a · · · ⊂Ma.
By Corollary 2.7, we note that the greater k is, the more classes of V modulo mk there are, and thus the more distinct ideals
M
(k)
a too.
For k = ∞, that is for Int(V ), they are all distinct: for a 6= b, we haveMa 6=Mb.
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2.2. Another class of primes: The ideals m(α)a [X]
We now describe a new family of prime ideals above m. For any a ∈ V , we set
m(α)a [X] = { f ∈ Bx(V ) | f (xX + a) ∈ m[X]}.
It is clear that m(α)a [X] is a prime ideal of Bx(V ) above m (it is the inverse image of the ideal m[X] by the morphism
φ : Bx(V ) → V [X] defined by φ(f ) = f (xX + a)). Moreover, it is easily seen that m(α)a [X] ⊂ M(α)a . Indeed, if f ∈ m(α)a [X]
(i.e. f (xX + a) ∈ m[X]) then in particular, f (a) ∈ m (i.e., f ∈ M(α)a ). With these notations, we first determine among the
generators ofM(α)a which belong to m
(α)
a [X].
Lemma 2.9. Let a ∈ V , (un)n≥0 be a v-ordering of order α of first term u0 = a and (fn)n≥1 the corresponding regular basis. For
all k ≤ α we have
v
(
fqk(xX + a)
) = α − k.
Proof. We examine the valuation of fqk(xX + a), for k ≤ α:
v
(
fqk(xX + a)
) = qk−1∑
i=0
inf(v(ui − a), α)− wq(qk).
Since u0 = a and v(ui − a) < α for all i 6= 0, we obtain
v
(
fqk(xX + a)
) = qk−1∑
i=1
v(ui − a)+ α − wq(qk).
As noted earlier, it is sufficient to apply Lemma 2.4 to obtain the result. 
According to this lemma, among the generators ofM(α)a , all the polynomials fqk belong to m
(α)
a [X], except fqα . We now
deduce the following.
Proposition 2.10. For all a ∈ V , the inclusion m(α)a [X] ⊂M(α)a is strict. In particular,M(α)a is a height 2 prime ideal of Bx(V ).
We now determine a set of generators of m(α)a [X], similar to the one obtained in Proposition 2.2.
Proposition 2.11. Let a ∈ V , (un)n≥0 be a v-ordering of order α with first term u0 = a and (fn)n≥1 be the corresponding regular
basis. Then,
m(α)a [X] = (t, f1, fq, . . . , fqα−1).
Proof. By the previous lemma, the polynomials fqk belong tom
(α)
a [X] for k < α. Conversely, let us show by induction on the
degree n that any polynomial f of m(α)a [X] belongs to the ideal (t, f1, fq, . . . , fqα−1). According to (2), we can write
f = f (a)+ g0f1 + g1fq + · · · + gα fqα
where the polynomials gk are in Bx(V ). Moreover, we know that gα = 0 if n < qα , and otherwise gα has degree equal to
n− qα .
Since f ∈ m(α)a [X], we have f (a) ∈ m, and as an immediate consequence, we get that f ∈ (t, f1, fq, . . . , fqα−1), if n < qα
(as gα = 0). For n ≥ qα , as f , f (a), f1, fq, . . . , fqα−1 are inm(α)a [X], the polynomial gα fqα is inm(α)a [X]. But, we have seen in the
previous lemma that fqα 6∈ m(α)a [X], and so gα ∈ m(α)a [X]. By the inductive assumption, the polynomial of degree n− qα, gα
is thus in (t, f1, fq, . . . , fqα−1) and the result is proved. 
Proposition 2.6 gives an analog of Corollary 2.7 for the ideals m(α)a [X].
Corollary 2.12. Let a, b ∈ V . The prime ideals m(α)a [X] and m(α)b [X] are equal if and only if v(a− b) ≥ α.
2.3. Description of the primes above m
We now determine all the prime ideals of Bx(V ) above m. We will see that there exist different primes from theM
(α)
a or
m
(α)
a [X]. We first prove that any prime ideal abovem contains an idealm(α)a [X]. We further show that it contains only one of
these primes.
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Proposition 2.13. Let P a prime ideal of Bx(V ) above m. Then, there exists a ∈ V such that m(α)a [X] ⊆ P.
Proof. For α = 0, the result is obvious. Assume then that α > 0. We prove by induction on k < α that there exists an
element a ∈ V such that, (t, f1, fq, . . . , fqk) ⊆ P, where (fn)n≥1 is a regular basis corresponding to a v-ordering of order α
with first term a.
It is clear that t ∈ P. Consider (a0, a1, . . . , aq−1), a set of representatives of V modulom. Let f =
∏q−1
i=0 (X−ai)
t . As f ∈ Bx(V ),
we have tf =∏q−1i=0 (X − ai) ∈ P. Therefore, the prime idealP contains a polynomial (X − a), for an element a = ai.
Taking a v-ordering of order α with first term a, and the corresponding regular basis, we obtain f1 = X − a, and then
(t, f1) ∈ P.
Assume that there exists an element a ∈ V such that (t, f1, fq, . . . , fqk−1) ⊆ P, where (fn)n≥1 is a regular basis
corresponding to a v-ordering of orderαwith first term a. Since the ideal (t, f1, fq, . . . , fqk−1) depends only on the first term a,
we can choose (un)n≥0 to be a V.W.D.W.O sequence. In this basis we have fqk+1 =
∏qk+1
i=0 (X−ui)
twq(q
k+1) . Sincewq(q
k+1) = qwq(qk)+1,
we can decompose fqk+1 as
fqk+1 =
1
t
q−1∏
j=0
gj with gj =
(j+1)qk−1∏
i=jqk
(X − ui)
twq(qk)
.
As the sequences (ujqk+n)n≥0 are v-orderings of order k, the polynomials gj are in Btk(V ) ⊂ Bx(V ).
On the other hand, P contains tfqk+1 and thus, there exists an integer j, 0 ≤ j ≤ q − 1 such that gj ∈ P. For this
j, we consider the sequence (ujqk+n) with first term ujqk and we denote by (hn)n≥1 the corresponding regular basis. As
v(u0 − ujqk) ≥ k, Proposition 2.6 implies that
(t, f1, fq, . . . , fqk−1) = (t, h1, hq, . . . , hqk−1).
Moreover, hqk = gj ∈ P, and by the inductive assumption, we obtain the inclusion (t, h1, hq, . . . , hqk) ⊆ P. 
According to Formula (2) and considering (fn)n≥1 a regular basis corresponding to a v-ordering of order α with first term
a, any polynomial f ofPwith degree n < qα can be written as
f = f (a)+ g0f1 + g1fq + · · · + gα−1fqα−1
where gk ∈ Bx(V ), for all k. Since for all k < α, the polynomials fqk belong to m(α)a [X] (Proposition 2.11), we obtain the
following.
Corollary 2.14. Let P be a prime ideal of Bx(V ) above m. Let a ∈ V such that m(α)a [X] ⊂ P. If f ∈ Bx(V ) is a polynomial of
degree n < qα , then f ∈ P if and only if f ∈ m(α)a [X].
As previously, we denote by (fn)n≥1 the regular basis corresponding to a v-ordering of order α with first term a. LetP be
a prime ideal of Bx(V ) containing the prime idealm
(α)
a [X] = (t, X − a, . . . , fqα−1). From Corollary 2.14, ifP contains an ideal
m
(α)
b [X], thenm(α)b [X] contains the polynomials of degree n < qα , t, X−a, . . . , fqα−1 . Then,wewould havem(α)a [X] ⊂ m(α)b [X].
Using the fact that the ideals m(α)a [X] are all of height 1 (Proposition 2.10), we obtain the following result.
Corollary 2.15. Any prime idealP of Bx(V ) above m contains one and only one prime m
(α)
a [X].
Knowing that each prime above m of Bx(V ) contains an ideal m
(α)
a [X], we can now fix an element a ∈ V and look for the
primes of the quotient Bx(V )modulom
(α)
a [X]. As previously, we take (un)n≥0 a v-ordering of order α with first term u0 = a,
and (fn)n≥1 the corresponding regular basis.
We consider the map Φ which acts on Bx(V ) as Φ(f ) = f (xX + a). It is a homomorphism of the ring Bx(V ) into V [X].
Denote byΦ the composition ofΦ with the canonical surjection from V [X] into V/m[X].
Lemma 2.16. The homomorphism Φ : Bx(V ) → V/m[X] which associates to f ∈ Bx(V ), the polynomial Φ(f ) = f (xX + a)
induces an isomorphism Bx(V )/m
(α)
a [X] ' V/m[X].
Proof. By definition, m(α)a [X] is the kernel of the homomorphism Φ . Then, it suffices to prove that Φ is surjective. Let us
consider the image of fqα . We have
fqα (xX + a) = xX
qα−1∏
i=1
(xX + a− ui)
twq(qα)
.
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Let u be the coefficient of the term of degree 1 in the polynomial
u = x
qα−1∏
i=1
(a− ui)
twq(qα)
.
The coefficients of greater degree are sums of products obtained by substituting x for some terms (a − ui) in u. Since
v(a − ui) < α = v(x), their valuations are strictly greater than v(u). Following Lemma 2.9, v(u) = v(fqα (xX + a)) = 0.
Therefore, u is a unit of V and fqα (xX + a) = uX modulo m[X].
The image byΦ then contains X (image of u−1fqα ) and the constants (images of constants). It is thus the domain V/m[X]
andΦ is a surjective homomorphism. 
Remarks 2.17. Note that we have actually proved that
fqα (xX + a) = uX modulo m[X]
where u = x
∏qα−1
i=1 (a−ui)
twq(q
α) . From Lemma 2.4, u = (−1)wq(qα) xtα modulo m.
From this fact, we can exhibit the inverse isomorphism: for any g ∈ V [X], we have
g(X) = g(u−1uX) = g(u−1Φ(fqα )) = Φ(g(u−1fqα )).
So, the inverse isomorphism is the application which associates to any g ∈ V/m[X], the class g(u−1fqα ) in Bx(V )/m(α)a [X],
where u = (−1)wq(qα) xtα .
Now, we can give the complete description of the prime ideals above m.
Theorem 2.18. The prime ideals of Bx(V ) above m are of the following two types
(1) For a ∈ V , the ideals
m(α)a [X] = { f ∈ Bx(V ) | f (xX + a) ∈ m[X]}.
These ideals are non-maximal height one prime ideals, in one-to-one correspondence with the classes of V modulo mα . We have
m
(α)
a [X] = m(α)b [X] if and only if v(a− b) ≥ α.
(2) Height two maximal ideals, containing one and only one ideal m(α)a [X], and in bijection with the prime ideals of V [X]
containing m[X].
To any element a of V and any polynomial g ∈ V [X] such that g is irreducible in V/m[X], there corresponds an idealM(α)a,g
defined by
M(α)a,g = { f ∈ Bx(V ) | f (xX + a) ∈ m[X] + gV [X]}.
Remark 2.19. Using the previous result, one can answer the question asked at the beginning of this article. If S is a set of
representatives of V/mα , we know that Bx(V ) =⋂a∈S V [ X−ax ]. We ask if the prime ideals of Bx(V ) abovem lift in a domain
V
[ X−a
x
]
, for an element a.
For any a ∈ S, the minimal prime m(α)a [X] is in fact the trace on Bx(V ) of the prime m[ X−ax ] of V [ X−ax ] (i.e., m(α)a [X] =
m[ X−ax ] ∩ Bx(V )).
On the other hand, the prime ideals containing m(α)a [X] are of the form
M(α)a,g = { f ∈ Bx(V ) | f (xX + a) ∈ m[X] + gV [X]}
=
(
m
[
X − a
x
]
+ hV
[
X − a
x
])
∩ Bx(V )
where h = g( X−ax ) is a polynomial of V [ X−ax ], irreducible in V/m[ X−ax ].
Therefore, the primes above m are the (all distinct) traces of the prime ideals above m of the domains V [ X−ax ], for a ∈ S.
To conclude this section, we complete the description of the primes obtained in Propositions 2.2 and 2.11, by giving the
set of generators of the maximal ideals of Bx(V ).
Corollary 2.20. If a ∈ V and g ∈ V [X] is an irreducible polynomial of V/m[X], then
M(α)a,g = m(α)a [X] + g(u−1fqα )Bx(V ) = (t, f1, . . . , fqα−1 , g(u−1fqα ))
where u = (−1)wq(qα) xtα is a unit of V and (fn)n≥1 is the regular basis corresponding to a v-ordering of order α of first term a.
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2.4. Lifting in the domains Bx(V )
The previous results allow us to determine how the prime ideals of By(V ) lift in Bx(V ) when y divides x, so that
By(V ) ⊂ Bx(V ).
Corollary 2.21. Let x, y ∈ V such that v(y) = β and v(x) = α > β. Then, for any prime idealP of Bx(V ) abovem, there exists
a ∈ V such that P liftsM(β)a in By(V ). In particular, all the prime ideals abovem of Bx(V ) lift the maximal idealm+ (X−a)V [X]
of V [X], for some a ∈ V .
Proof. According to Proposition 2.13, P contains an ideal of the form m(α)a [X] in Bx(V ). Since M(β)a is maximal in By(V ),
it suffices to show m(α)a [X] ∩ By(V ) = M(β)a . Consider a v-ordering of order α, (thus, also of order β), and (fn)n≥1 the
corresponding regular basis of Bx(V ). It follows from Proposition 2.11 that m
(α)
a [X] = (t, f1, fq, . . . , fqα−1). As α > β , the
ideal m(α)a [X] ∩ By(V ) contains t and the fqk for k ≤ β , which belong to By(V ) (see Remark 1.4). Using Proposition 2.2, we
then conclude thatM(β)a = (t, f1, fq, . . . , fqβ ) = m(α)a [X] ∩ By(V ). 
Remark 2.22. Knowing how the primes lift in the domains Bx(V ), one can explain why the completion V̂ of V occurs in the
description of the prime ideals abovem of Int(V ). ConsiderP, a prime ideal of Int(V ). The domain Int(V ) is the union of the
increasing sequence of the domains Btk(V ),
Int(V ) =
⋃
k≥0
Btk(V ).
Then, for all k ≥ 0,P∩Btk(V ) is a prime ideal ofBtk(V )which lifts inBtk+1 . According to Corollary 2.21, the tracesP∩Btk(V )
are of the formP∩Btk(V ) =M(k)ak for an element ak ∈ V . On another side, as Bt l(V ) ⊂ Btk(V ) for all integers k > l, we have
M(l)al = P ∩ Bt l(V ) =M(k)ak ∩ Bt l(V ) = { f ∈ Bt l(V ) | f (ak) ∈ m} =M(l)ak .
FromCorollary 2.7, the sequence (ak) is then a Cauchy sequence since ak−al ∈ ml+1 for all k > l. We can check thatP =Ma,
where a ∈ V̂ is the limit of this sequence.
Indeed, as Int(V ) = ∪k≥0 Btk(V ), we have
P =
⋃
k≥0
(P ∩ Btk(V )) =
⋃
k≥0
M(k)ak .
Let f ∈ P = ∪k≥0M(k)ak . There exists an integer k0 such that f ∈ M(k)ak , for all k ≥ k0. So, for all k ≥ k0, we get f (ak) ∈ m,
that is v(f (ak)) ≥ 1. By continuity of f and of the valuation v, the limit v(f (a)) is greater than 1 and f (a) ∈ m̂. Therefore,
f ∈Ma. Conversely, if f ∈Ma then v(f (a)) ≥ 1. The sequence v(f (ak)) is a sequence of integers of limit v(f (a)) ≥ 1. Thus,
there exists a rank k0 such that v(f (ak)) ≥ 1, for k ≥ k0. Moreover, as f ∈ Int(V ) = ∪k≥0 Btk(V ), there exists an integer k1
from which f ∈ Btk(V ). Therefore, considering k = max(k0, k1), we obtain that f ∈M(k)ak ⊂ P.
3. Maximal ideals
We have seen previously (Theorem 2.18) that among the prime ideals above m, the only maximal ones are the primes
M
(α)
a,g
M(α)a,g = { f ∈ Bx(V ) | f (xX + a) ∈ m[X] + gV [X]}
where a ∈ V and g ∈ V [X] such that g is irreducible in V/m[X].
In order to know the set of all maximal ideals ofBx(V ), it remains to examine under which conditions a prime ideal above
(0) is maximal.
Let g be an irreducible polynomial of K [X]. We denote by ĝ the ideal ĝ = gK [X] ∩ Bx(V ). Recall that the ideal generated
by g in Int(V ), gK [X] ∩ Int(V ) is maximal if and only if g does not have a root in the completion V̂ of V . Indeed, if g has a
root aˆ in V̂ , then clearly the ideal of Int(V ), gK [X] ∩ Int(V ) is contained inMaˆ. Taking the intersection with Bx(V ) and using
Corollary 2.7, we obtain
ĝ ⊂Maˆ ∩ Bx(V ) =Mαa ,
for a ∈ V with the same class of aˆmodulo m̂α+1. This condition is then also necessary for ĝ to be maximal. But, we will see
that it is not sufficient.
If g is a polynomial of K [X], for all a ∈ V , g(a) is the constant term of g(xX + a), and then
v (g(xX + a)) ≤ v (g(a)) .
The following Lemma asserts that a necessary condition for ĝ to be maximal, is the equality v (g(xX + a)) = v (g(a)).
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Lemma 3.1. Let g be an irreducible polynomial of K [X] and a ∈ V . If
v (g(xX + a)) < v (g(a))
then ĝ is contained in the idealM(α)a of Bx(V ).
Proof. Each element of ĝ is of the form ghwhere h ∈ K [X] and gh ∈ Bx(V ). By hypothesis, we have
v (gh(a)) = v (g(a))+ v (h(a)) > v (g(xX + a))+ v (h(xX + a)) = v (gh(xX + a)) .
But, by definition of Bx(V ), gh(xX + a) is a polynomial of V [X] (i.e., v (gh(xX + a)) ≥ 0). We then deduce that gh(a) ∈ m,
that is gh ∈Ma. 
In order to ĝ to be maximal, the equality v (g(xX + a)) = v (g(a)) has to be satisfied, for all a ∈ V . Under this condition,
g has no root in V̂ . Indeed, for g of degree n and of leading coefficient an, v (g(xX + a)) is bounded by v(anxn) and a fortiori
v (g(a)) is also bounded. On the contrary, the following example shows that the condition that g has no root in V̂ is not
sufficient to ensure ĝ to be maximal.
Example 3.2. Let g = X2 + t3. Then, g has no root in V̂ . But, for α = 1 and a = 0, we have v (g(xX + a)) = 2, and
v (g(a)) = 3. It follows by the lemma that ĝ is contained inM0.
Since g(xX + a) = (g(xX + a)− g(a)) + g(a), we have v (g(xX + a)) < v (g(a)) if and only if v (g(xX + a)− g(a)) <
v (g(a)). We have seen that this inequality implies that ĝ is contained inMa. Now, we prove in the next lemma, that this
large inequality v (g(xX + a)− g(a)) ≤ v (g(a)) implies that ĝ is contained in a maximal ideal.
Remark 3.3. As the proof is based on the fact that the domain Bx(V ) is a subring of V
[ X−a
x
]
, we will write the polynomial
g in the form g = a0 + a1
( X−a
x
) + · · · + an ( X−ax )n , with the coefficients ai ∈ K . Note that g(a) = a0 and g(xX + a) =
a0+a1X+· · ·+anXn. So, determining that g satisfies the inequality v (g(xX + a)− g(a)) ≤ v (g(a)), is equivalent to saying
that there exists an index i ≥ 1, for which v(ai) = infj≥0 v(aj) = v (g(xX + a)).
Lemma 3.4. Let g be an irreducible polynomial of K [X] and a ∈ V . If
v (g(xX + a)− g(a)) ≤ v (g(a))
then ĝ is contained in a maximal ideal containing m(α)a [X].
Proof. As in Remark 3.3, we write g in the form g = a0 + a1
( X−a
x
) + · · · + an ( X−ax )n, with aj ∈ K for all j. By hypothesis,
we know that there exists i ≥ 1 such that v(ai) = infj≥0 v(aj) = v (g(xX + a)). Set h = 1ai g . It is easy to check that h is
a polynomial of V
[ X−a
x
]
, of valuation 0 and non-constant modulo m (indeed, its ith coefficient is equal to 1). Moreover, we
have ĝ = ĥ.
The ideal ĥ is lifted in V
[ X−a
x
]
by the prime ideal hK [X] ∩ V [ X−ax ]. Since, h is of valuation 0, we get hK [X] ∩ V [ X−ax ] =
hV
[ X−a
x
]
. On the other hand, h is not a constant polynomial modulo m. We can then choose h′, a polynomial of V
[ X−a
x
]
,
which is an irreducible factor of hmodulo m
[ X−a
x
]
. The prime ideal hV
[ X−a
x
]
is thus contained in the prime ideal above m,
containing m
[ X−a
x
]
and generated by the polynomial h′. Hence,
hV
[
X − a
x
]
⊂ m
[
X − a
x
]
+ h′V
[
X − a
x
]
.
Taking the intersection with Bx(V ), according to Remark 2.19, we obtain that ĝ is contained inM
(α)
a,h′(xX+a), a maximal ideal
above mwhich contains m(α)a [X]. 
Remark 3.5. Let g be an irreducible polynomial of K [X] such that v (g(xX + a)− g(a)) ≤ v (g(a)). Note that we have
actually proved that ĝ is contained in all the maximal ideals M(α)a,h′(xX+a), for any polynomial h
′ of V
[ X−a
x
]
, which is an
irreducible factor of h = 1ai g modulo m
[ X−a
x
]
.
Now, we prove that the conditions of the previous lemmas are necessary and sufficient.
Proposition 3.6. Let g be an irreducible polynomial of K [X] and a ∈ V . Then,
(i) ĝ is contained in a maximal ideal containing ma[X] if and only if v (g(xX + a)− g(a)) ≤ v (g(a)) .
(ii) ĝ is contained in the idealM(α)a if and only if v (g(xX + a)) < v (g(a)) .
Proof. As previously noted (see Remark 3.3), we write g = a0 + a1
( X−a
x
) + · · · + an ( X−ax )n . It remains to show, on the
one hand that v (g(xX + a)− g(a)) > v (g(a)) (that is v(ai) > v(a0) for any 1 ≤ i ≤ n) implies that ĝ is not contained in
a maximal ideal containing m(α)a [X] and on the other hand that v (g(xX + a)) = v (g(a)) (i.e. v(aixi) ≥ v(a0) for 1 ≤ i ≤ n)
implies that ĝ is not contained inM(α)a .
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Let (un)n≥0 be a V.W.D.W.O sequence with first term u0 = a and (fn)n≥1 be the associated regular basis. Using the
expressionwq(qα) = wq(qα − 1)+ α, one can write
fqα = X − atα h, where h =
qα−1∏
i=1
(X − ui)
twq(qα−1)
.
Since the shifted sequence (un), n ≥ 1, is still a V.W.D.W.O sequence, the polynomial h belongs to Bx(V ). On the other hand,
it does not belong to m(α)a [X], that is, h(xX + a) does not belong to m[X]. Indeed,
v (h(xX + a)) =
qα−1∑
i=1
inf (v (ui − u0) , α)− wq(qα − 1) =
qα−1∑
i=1
vq(i)− wq(qα − 1) = 0.
As h is of degree qα − 1 < qα we can even deduce that it does not belong to any maximal ideal containing m(α)a [X]
(Corollary 2.14).
To simplify the notation, we can assume that x = tα , and thus (X − a)h = xfqα . Consider then the product
hn
a0
.g = h
n
a0
.
(
a0 + a1
(
X − a
x
)
+ · · · + an
(
X − a
x
)n)
.
Replacing
( X−a
x
)i
hi by
(
fqα
)i, we get,
hn
a0
.g = hn + a1
a0
fqαhn−1 + · · · + aia0
(
fqα
)i hn−i + · · · + an
a0
(
fqα
)n
.
Under either of the hypotheses, we have v(ai) ≥ v(a0) (i.e., aia0 ∈ V for 1 ≤ i ≤ n). Each term on the right-hand side of the
equation is thus in Bx(V ) and the product h
n
a0
g is contained in ĝ . We can then conclude in both cases:
(i) LetM be a maximal ideal containing m(α)a [X]. We assume that v(ai) > v(a0), and then aia0 ∈ m, for any 1 ≤ i ≤ n. The
terms of the form aia0
(
fqα
)i hn−i are inM. But, we have seen that h, and then also hn, are not inM. So, hna0 g 6∈ M, and ĝ is not
contained inM.
(ii) Consider now the idealM(α)a . As fqα ∈ M(α)a , the terms of the form aia0
(
fqα
)i hn−i are inM(α)a . But, as in the previous
case h is not. So, h
n
a0
g 6∈M(α)a and ĝ is not contained inM(α)a . 
Corollary 3.7. Let g be an irreducible polynomial of K [X]. Then, ĝ is maximal if and only if v (g(xX + a)− g(a)) > v (g(a)),
for all a ∈ V .
We can assume, by multiplying by a constant if necessary, that g is a polynomial of V [X]. We then find a more natural
sufficient condition, (but which is not necessary) for ĝ to be maximal.
Corollary 3.8. Let g be a polynomial of V [X], irreducible in K [X]. If, for all a ∈ V , we have v (g(a)) ≤ α then ĝ is maximal in
Bx(V ).
Proof. By contradiction, let us assume that ĝ is contained in a maximal idealM. There exists a ∈ V such thatM contains
ma[X]. We can write g in the form g = a0+ a1(X − a)+ · · ·+ an(X − a)n. The polynomial g is in ĝ , thus inM∩ V [X] =Ma.
Therefore, g(a) = a0 ∈ m. Considering everything modulo m, we get
g = a1(X − a)+ · · · + an(X − a)n.
We claim that a1 ∈ m. Otherwise, a would be a simple root of g modulo m and g would have a root in V̂ (according to
Hensel’s Lemma). But, then v (g(a))would not be bounded over V which contradicts the hypothesis.
As a1 ∈ m, we obtain a contradiction with the previous proposition, noting that v (g(xX + a)− g(a)) > v (g(a)). Indeed,
we have v(a0) ≤ α, v(a1x) ≥ 1+ α and v(aixi) ≥ 2α, for all i ≥ 2. 
Example 3.9. Let g = X2r+ t2r−1. We can check that g satisfies the condition v (g(xX + a)− g(a)) > v (g(a)), for all a ∈ V .
On the opposite side, v (g(0)) = 2r − 1 is greater than α for r big enough.
4. Krull domains and Noetherian domains
In this section, we will try to generalize the previous results to larger classes of domains. First, by globalization, the
complete description of primes obtained for valuation domains allows us to determine all the primes of Bx(D) above a
height one prime of a Krull domain D and thus, in particular all prime ideals of Bx(D) for D a Dedekind domain.
Consider D a Krull domain andP a prime ideal of Bx(D) above a height one prime p of D. If p is a prime ideal which does
not contain x, or with infinite residue field, the prime ideals above p lift in the domain (Bx(D))p = Dp[X]. Therefore, we get
the following result.
1024 J. Yeramian / Journal of Pure and Applied Algebra 213 (2009) 1013–1025
Proposition 4.1. Let p be a height one prime ideal of D which does not contain x or has infinite residue field. Then, the prime
ideals of Bx(D) above p are:
(1) The prime ideal pDp[X] ∩ Bx(D), that is the set of polynomials of Bx(D) with coefficients in pDp[X].
(2) For any polynomial g of Dp[X] irreducible modulo pDp[X], the prime ideals (p, g)Dp[X]∩Bx(D), that is the set of polynomials
of Bx(D) divisible by g modulo pDp[X].
So, let us assume now that p is a prime ideal containing x and with finite residue field. According to the localization
properties, we have [Bx(D)]p = Bx(Dp)with Dp is a discrete valuation domain. In this case, the primes of Bx(D) above p are
given by Theorem 2.18. We can then describe all the prime ideals of Bx(D) above a height one prime p of D. In particular, for
a one-dimensional Krull domain, that is a Dedekind domain, this theorem gives all the primes of Bx(D).
Theorem 4.2. Let D be a Krull domain and x ∈ D. Let p be a height one prime of D. Denote by α, the valuation of x in Dp. The
prime ideals of Bx(D) above p are of the following types.
(1) If p does not contain x or if p has an infinite residue field, the prime ideals above p are the ideals:
– pDp[X] ∩ Bx(D),
– (p, g)Dp[X] ∩ Bx(D), for any polynomial g of Dp[X] irreducible modulo pDp[X].
(2) If p is a prime ideal containing x and with finite residue field, the prime ideals above p are the ideals:
– the ideals p(α)a [X], in one-to-one correspondence with the classes of Dp modulo pαDp: to each a ∈ Dp corresponds
p(α)a [X] = { f ∈ Bx(D) | f (xX + a) ∈ pDp[X]} = pDp
[
X − a
x
]
∩ Bx(D).
– the ideals Pa,g containing one and only prime p
(α)
a [X], in one-to-one correspondence with the polynomials g of Dp[X],
irreducible modulo pDp[X]
Pa,g = { f ∈ Bx(D) | f (xX + a) ∈ (p, g)Dp[X]} =
(
p, g
(
X − a
x
))
Dp
[
X − a
x
]
∩ Bx(D).
In the case of a discrete valuation domain, the description of the prime ideals above the maximal idealm is based on two
main results:
– The prime ideals of Bx(V ) abovem can be lifted in a domain V [ X−ax ], and thus contain a prime of the formm[ X−ax ]∩Bx(D)
(Proposition 2.13).
– The homomorphism Φ : Bx(V ) → V/m[X] which associates to f ∈ Bx(V ), Φ(f ) = f (xX + a) induces an isomorphism
from Bx(V )/(m[ X−ax ] ∩ Bx(V )) to V/m[X] (Lemma 2.16).
We can establish a result analogous to Proposition 2.13 in the case of aNoetherian domain. Let S be a set of representatives
of D/xD. Consider the intersection ideal, I = ∩a∈S p[ X−ax ]. For any polynomial f ∈ I , f (xX + a) belongs to p[ X−ax ] and thus in
particular to D[ X−ax ], for any a ∈ S. We then obtain I = ∩a∈S(p[ X−ax ] ∩Bx(D)). So, if D/xD has finite cardinal, the prime ideal
P above p contains an ideal p[ X−ax ] ∩ Bx(D), if and only if it contains I .
Proposition 4.3. Let D be a one-dimensional Noetherian local domain with finite residue field. Let m be the maximal ideal of D
containing x. Each prime ideal of Bx(D) above m, contains an ideal m[ X−ax ] ∩ Bx(D).
Proof. First note that D/xD is finite. To see this, as D is a Noetherian local domain, m is the radical of xD and there exists an
integer α such that mα ⊂ xD. The residue field D/m is finite, and so are D/mα and D/xD.
Denote by S, a set of representatives of D modulo xD. It suffices to show that the ideal I = ∩a∈S m[ X−ax ] is contained in
the radical of mBx(D).
Let t ∈ m. As previously, there exists an integer n such thatmn ⊂ xD. Let f ∈ I . For all a ∈ S, the polynomial f (xX+a) has
its coefficients in m and therefore, f n(xX + a) ∈ mn[X] ⊂ tD[X]. Dividing by t , we obtain that the polynomial 1t f n belongs
to Bx(D). Since t ∈ m, f n ∈ mBx(D) and f belongs to the radical of mBx(D). 
Consider D a Noetherian domain and p a height one prime containing xwith finite residue field. Since we do not have an
analogous of Lemma 2.16, we cannot determine all the prime ideals above p. But, Proposition 4.3 gives the following result:
Corollary 4.4. Let D be a Noetherian domain, x an element of D. Let p be a height one prime, containing x with finite residue
field. The prime idealsP of Bx(D) above p contain an ideal of the form pDp[ X−ax ] ∩ Bx(D), for an a ∈ D.
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